In this paper, we establish the first variation formula of the lowest constant λ b a (g) along the Ricci flow and the normalized Ricci flow, such that to the following nonlinear equation there exist positive solutions:
Introduction
Let (M, g) be an n-dimensional compact Riemannian manifold. In [], Perelman introduced the functional
and proved that the F -functional is nondecreasing under the Ricci flow coupled to a backward heat-type equation
where R is the scalar curvature depending on the metric g. More precisely, they proved that under the system (.),
If we define
where the infimum is taken over all smooth functions f which satisfy 
by letting f = - log u. Multiplying both sides of (.) with u and integrating on M, we see that the first eigenvalue given in (.) satisfies
In particular,
where
if we let f = - log u. It is easy to see from (.) that the nondecreasing of theF b -functional is equivalent to the nondecreasing of λ(t).
In this paper, we consider the monotonicity along the Ricci flow of lowest constant λ b a (g) such that to the following nonlinear equation there exist positive solutions:
where a is a real constant. In particular, (.) can be seen a special case of (.) when a = . For the lowest constant λ 
where f = - log u.
For the normalized Ricci flow, we can obtain the following. 
Theorem . Let g(t), t ∈ [, T) be a solution to the normalized Ricci flow
where f = - log u and λ b is the lowest eigenvalue of (.).
In particular, when n = , we have R ij = 
Theorem . Let g(t), t ∈ [, T) be a solution to the normalized
where f = - log u and λ b is the lowest eigenvalue of (.). On the other hand, under the transformation f = - log u = -log v with u there is a one-to-one relation for the following two equations:
under f = -log v. Therefore, a natural problem is to consider the monotonicity of
under the Ricci flow coupled to a nonlinear backward heat-type equation
where c, d are two real constants.
, we derive the following monotonicity formula. 
Theorem . Let g(t), t ∈ [, T) be a solution to the Ricci flow (.) on a compact Riemannian manifold M. Then all functionals F
c d (g, f ) defined by (.) under the system (.) satisfy d dt F k nak  (g, f ) =  M R ij + f ij - a  fg ij  e -f dv + (k -) M R ij - a  fg ij  e -f dv + na  kF  (g, f ) + aF  (g, f ). (.)
In particular, if R(t) ≥  for all t and a
≥ , k ≥ , then d dt F k nak  (g, f ) ≥ .
Proof of Theorems 1.1 and 1.2
Proof of Theorems . Let u be a positive solution to the following nonlinear elliptic equation:
Multiplying both sides of (.) with u and integrating on M, we have
If the metric g(t) evolves by (.), we have
where the last equality used
Taking a transformation f = - log u, which is equivalent to u  = e -f , then
Thus, (.) can be written as
Using the second Bianchi identity R ,i = R ij, j again, we have
Integrating by parts again, one has
where the last equality in (.) was used with
By virtue of (.), subtracting (.), we obtain
It follows from (.) and (.) that
and the desired estimate (.) is achieved.
Proof of Theorem . If the metric g(t) evolves by (.), we have
Applying (.) and
R for the normalized Ricci flow, we obtain from (.)
Using (.), then (.) can be written as
By virtue of a similar computation, we can obtain
Then the desired estimate (.) is attained.
Proof of Theorem 1.4 4 Conclusions
We establish the first variation formula of the lowest constant λ 
